Weighted Hardy spaces associated to operators and boundedness of
  singular integrals by Bui, The Anh & Duong, Xuan Thinh
ar
X
iv
:1
20
2.
20
63
v2
  [
ma
th.
CA
]  
27
 Se
p 2
01
2
WEIGHTED HARDY SPACES ASSOCIATED TO OPERATORS
AND BOUNDEDNESS OF SINGULAR INTEGRALS
THE ANH BUI & XUAN THINH DUONG
Abstract. Let (X, d, µ) be a space of homogeneous type, i.e. the measure µ
satisfies doubling (volume) property with respect to the balls defined by the metric
d. Let L be a non-negative self-adjoint operator on L2(X). Assume that the
semigroup of L satisfies the Davies-Gaffney estimates. In this paper, we study
the weighted Hardy spaces HpL,w(X), 0 < p ≤ 1, associated to the operator L
on the space X. We establish the atomic and the molecular characterizations of
elements inHpL,w(X). As applications, we obtain the boundedness onH
p
L,w(X) for
the generalized Riesz transforms associated to L and for the spectral multipliers
of L.
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1. Introduction
The theory of Hardy spaces has been a central part of modern harmonic analysis.
While the classical Hardy spaces on Rn can be characterized by certain estimates via
the Laplacian, the study on the Hardy spaces associated to operators has been in-
tensive recntly, see for example [5, 22, 25, 26] and their references. Here we will give
only a brief account of some recent studies. In [5], the Hardy spaces H1L associated
to an operator L was introduced and studied under the assumption that the heat
kernel of L satisfies a pointwise Poisson upper bound. The BMO space associated
to such an L was introduced in [21] and it was shown in [22] that the BMO space
associated to L is the dual space of the Hardy space H1L∗ associated to the adjoint
operator L∗. Recently the Hardy space H1 associated to Hodge Laplacian on a
Riemannian manifold was studied in [7]. Meanwhile the Hardy spaces associated to
a second order divergence form elliptic operator L on Rn with complex coefficients
was investigated in [25]. The study of the Hardy spaces HpL(X), 1 ≤ p < ∞, on
a metric space X associated to a non-negative self adjoint operator L satisfying
Davies-Gaffney estimates was carried out in [26].
It is natural to study weighted Hardy space HpL,w, 1 ≤ p < ∞ associated to an
operator L with an appropriate weight w. It is known that the classical weighted
Hardy spaces Hpw(Rn) can be considered as weighted Hardy spaces associated to the
Laplacian. See, for example, [23], [37] and their references.
This paper is inspired by the recent work of Song and Yan [38] in which they
introduced the weighted Hardy spaces H1L,w(R
n) associated to an operator L ini-
tially defined on L2(Rn) with the assumptions that L is non-negative self-adjoint on
L2 (assumption (H1) in Section 3.1) and that L has Gaussian heat kernel bounds
(assumption (H3) in Section 3.1). As an application, it was shown in [38] that when
the operator L is the Schro¨dinger operator with a non-negative potential, the Riesz
transform associated to L is bounded from the weighted Hardy space H1L,w(R
n) to
the classical weighted Hardy space H1w(R
n).
In this paper, we extend the work in [38] on H1L,w(R
n) in several aspects. We
define and study weighted Hardy space HpL,w(X) in the general setting:
(i) The underlying space X is a space of homogeneous type, i.e. a metric space
with doubling property.
(ii) The index p is in the range 0 < p ≤ 1.
(iii) L is assumed to satisfy the weaker assumption of Davies-Gaffney estimate
(assumption (H2) in Section 3.1) instead of the stronger assumption of Gaussian
heat kernel bound.
In comparison with [38], our approach is different from that in [38]. Let us remind
that the Gaussian heat kernel upper bound and the setting of Euclidean space Rn
seem to be indispensable and play an essential role in the approach of [38]. One of
the key estimates used in [38] is the equivalences of different weighted area integral
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norms in [37]. Moreover, their approach relied heavily on a geometric argument.
However, in the setting of homogeneous spaces without Gaussian upper bound con-
dition, it is not clear whether or not their approach still work. In this paper, using
the different approach by introducing new weighted tent spaces (see Section 3.3) and
exploiting the similar approach to that of [26], we extend the results in [38] to spaces
of homogeneous type X under the weaker assumption of Davies-Gaffney estimate.
To demonstrate practical applications of our study of weighted Hardy spaces, we
consider certain singular integral operators whose kernels are not smooth enough for
the operators to belong to the class of standard Caldero´n-Zygmund operators. We
show that some of these singular integrals are bounded on weighted Hardy spaces
associated to an (appropriate) operator L.
The layout of this paper is as follows. In Section 2, we review the concept of
doubling space and the main properties of the Muckenhoupt weights and reverse
Ho¨lder weights. In Section 3, we introduce the weighted Hardy spaces associated
to operators HpL,w(X) for 0 < p ≤ 1 by using the area integral norm, then obtain
an atomic characterization of elements in HpL,w(X). In Section 4, we show that
certain singular integral operators are bounded on HpL,w(X). These operators have
non-smooth kernels and they include the Riesz transforms associated to magnetic
Schro¨dinger operators, Riesz transforms associated to an operator and spectral mul-
tipliers of non-negative self-adjoint operator.
After finishing our paper, we had learned that in [33] the authors studied Musielak-
Orlicz Hardy spaces associated to such an operator L. However, it seems that there
are some differences in obtaining the atomic decomposition of the weighted tent
spaces and the condition on the weights between our paper and [33]. Moreover, the
the kind of singular integrals considered in our paper is also different from that in
[33]. So, the results obtained in this paper are still interesting in their own rights.
2. Preliminaries
2.1. Doubling metric spaces. Let X be a metric space, with distance d and µ is
a nonnegative, Borel, doubling measure on X. Throughout this paper, we assume
that µ(X) =∞.
Denote by B(x, r) the open ball of radius r > 0 and center x ∈ M , and by V (x, r)
its measure µ(B(x, r)). The doubling property of µ provides that there exists a
constant C > 0 so that
(1) V (x, 2r) ≤ CV (x, r)
for all x ∈ X and r > 0.
Notice that the doubling property (1) implies that following property that
(2) V (x, λr) ≤ CλnV (x, r),
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for some positive constant n uniformly for all λ ≥ 1, x ∈ M and r > 0. There also
exists a constant 0 ≤ N ≤ n such that
(3) V (x, r) ≤ C
(
1 +
d(x, y)
r
)N
V (y, r),
uniformly for all x, y ∈ X and r > 0.
To simplify notation, we will often just use B for B(xB, rB) and V (E) for µ(E) for
any measurable subset E ⊂ X. Also given λ > 0, we will write λB for the λ-dilated
ball, which is the ball with the same center as B and with radius rλB = λrB . For
each ball B ⊂ X we set
S0(B) = B and Sj(B) = 2
jB\2j−1B for j ∈ N.
2.2. Muckenhoupt weights. Throughout this article, we shall denote w(E) :=´
E w(x)dµ(x) for any measurable set E ⊂ X. For 1 ≤ p ≤ ∞ let p′ be the conjugate
exponent of p, i.e. 1/p + 1/p′ = 1.
We first introduce some notation. We use the notation 
B
h(x)dµ(x) =
1
V (B)
ˆ
B
h(x)dµ(x).
A weight w is a non-negative measurable and locally integrable function on X. We
say that w ∈ Ap, 1 < p < ∞, if there exists a constant C such that for every ball
B ⊂ X, ( 
B
w(x)dµ(x)
)( 
B
w−1/(p−1)(x)dµ(x)
)p−1 ≤ C.
For p = 1, we say that w ∈ A1 if there is a constant C such that for every ball
B ⊂ X,  
B
w(x)dµ(x) ≤ Cw(x) for a.e. x ∈ B.
We set A∞ = ∪p≥1Ap.
The reverse Ho¨lder classes are defined in the following way: w ∈ RHq, 1 < q <∞,
if there is a constant C such that for any ball B ⊂ X,(  
B
wq(y)dµ(y)
)1/q ≤ C  
B
wdµ(x).
The endpoint q = ∞ is given by the condition: w ∈ RH∞ whenever, there is a
constant C such that for any ball B ⊂ X,
w(x) ≤ C
 
B
w(y)dµ(y) for a.e. x ∈ B.
Let w ∈ A∞, for 1 ≤ p <∞, the weighted spaces Lpw(X) can be defined by{
f :
ˆ
X
|f(x)|pw(x)dµ(x) <∞
}
with the norm
‖f‖Lpw(X) =
(ˆ
X
|f(x)|pw(x)dµ(x)
)1/p
.
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We sum up some of the properties of Ap classes in the following results, see [10].
Lemma 2.1. The following properties hold:
(i) A1 ⊂ Ap ⊂ Aq for 1 ≤ p ≤ q ≤ ∞.
(ii) RH∞ ⊂ RHq ⊂ RHp for 1 ≤ p ≤ q ≤ ∞.
(iii) If w ∈ Ap, 1 < p <∞, then there exists 1 < q < p such that w ∈ Aq.
(iv) If w ∈ RHq, 1 < q <∞, then there exists q < p < 1 such that w ∈ RHp.
(v) A∞ = ∪1≤p<∞Ap ⊂ ∪1<p≤∞RHp
Lemma 2.2. For any ball B, any measurable subset E of B and w ∈ Ap, p ≥ 1,
there exists a constant C1 > 0 such that
C1
(V (E)
V (B)
)p
≤ w(E)
w(B)
.
If w ∈ RHr, r > 1. Then, there exists a constant C2 > 0 such that
w(E)
w(B)
≤ C2
(V (E)
V (B)
) r−1
r
.
From the first inequality of Lemma 2.2, if w ∈ A1 then there exists a constant
C > 0 so that for any ball B ⊂ X and λ > 1, we have
w(λB) ≤ Cλnw(B).
3. Weighted Hardy spaces associated to operators
3.1. Definition of weighted Hardy spaces. In this paper we consider the fol-
lowing conditions:
(H1) L is a non-negative self-adjoint operator on L2(X);
(H2) The operator L generates an analytic semigroup {e−tL}t>0 which satisfies the
Davies-Gaffney condition. That is, there exist constants C, c > 0 such that for any
open subsets U1, U2 ⊂ X,
(4) |〈e−tLf1, f2〉| ≤ C exp
(
− dist(U1, U2)
2
c t
)
‖f1‖L2(X)‖f2‖L2(X), ∀ t > 0,
for every fi ∈ L2(X) with supp fi ⊂ Ui, i = 1, 2, where dist(U1, U2) := infx∈U1,y∈U2 d(x, y).
(H3) The kernel of e−tL denote by pt(x, y) which satisfies the Gaussian upper
bound. That is, there exist constants C, c > 0 such that for almost every x, y ∈ X,
(5) |pt(x, y)| ≤ C
V (x,
√
t)
exp
(
− d(x, y)
2
ct
)
,∀t > 0.
It is not difficult to show that condition (H3) implies (H2).
Let L be an operator satisfying (H1) and (H2). Set
H2(X) := R(L) = {Lu ∈ L2(X) : u ∈ D(L)}
where D(L) is the domain of L.
It is known that L2(X) = R(L) ⊕ N (L), where R(L) and N (L) stand for the
range and the kernel of L, and the sum is orthogonal.
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For w ∈ A∞ and 0 < p <∞, the Hardy space HpL,w(X) is defined as the comple-
tion of
{f ∈ R(L) : ‖SLf‖ ∈ Lp(w)}
in the norm ‖f‖HpL,w(X) = ‖SLf‖Lp(w), where
SLf(x) =
(ˆ ˆ
d(x,y)<t
|t2Le−t2Lf(y)|2 dµ(y)
V (x, t)
dt
t
)
.
Remark 3.1. When w = 1 the Hardy spaces HpL,w(X) were introduced in [26] and
p = 1. The particular case when p = 1, X = Rn, and L satisfies (H1) and (H3) the
Hardy space H1L,w(X) was studied in [38].
We next describe the notion of an (M,p,w)-atom and an (M,p,w, ǫ)-molecule
associated to the operator L.
Definition 3.2. Suppose w ∈ A∞. We say that a function a ∈ L2(X) is an
(M,p,w)-atom associated to an operator L, if there exists a function b which be-
longs to D(LM ), the domain of LM , and a ball B of X such that
(i) a = LMb;
(ii) suppLkb ⊂ B, k = 0, 1, . . . ,M ;
(iii) ‖(r2BL)kb‖L2(X) ≤ r2MB V (B)1/2w(B)−1/p, k = 0, 1, . . . ,M .
Definition 3.3. Suppose w ∈ A∞. We say that a function m ∈ L2(X) is an
(M,p,w, ǫ)-molecule associated to an operator L, if there exists a function b which
belongs to D(LM ), and a ball B of X such that
(i) a = LMb;
(ii) ‖(r2BL)kb‖L2(Sj(B)) ≤ 2−jǫr2MB V (2jB)1/2w(2jB)−1/p, k = 0, 1, . . . ,M and j =
0, 1, . . ..
It is not difficult to show that an (M,p,w)-atom associated to the ball B is also
an (M,p,w, ǫ)-atom associated to the ball same ball B.
We will say that f =
∑
j λjaj is an atomic (M,p,w)-representation if {λj}∞j=0 ∈ lp,
each aj is a (M,p,w)-atom, and the sum converges in L
2(X). Set
H
p
L,M,w,at(X) := {f : f has an atomic (M,p,w)-representation}
with the norm
‖f‖HpL,M,w,at(X) = inf{
( ∞∑
j=0
|λj |p
)1/p
: f =
∑
j
λjaj is an atomic (M,p,w)-representation}.
and we also define the Hardy space HpL,M,w,at(X) as the completion of H
p
L,M,w,at(X)
in norm ‖ · ‖H1L,M,w,at(X).
3.2. Finite propagation speed for the wave equation. Let L satisfy (H1) and
(H2) and let Kcos(t
√
L) be the kernel of the operator cos(t
√
L). Then there exists a
constant c0 > 0 such that
(6) suppKcos(t
√
L) ⊂ {(x, y) ∈ X ×X : d(x, y) ≤ c0t},
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see for example [34].
Lemma 3.4. Let ϕ ∈ C∞0 (R) be even and suppϕ ⊂ (−c−10 , c−10 ), where c0 as in
(6). Let Φ denote the Fourier transform of ϕ. Then for every k ∈ N and t > 0, the
kernel K(t2L)kΦ(t
√
L) of (t
2L)kΦ(t
√
L) satisfies
suppK(t2L)kΦ(t
√
L) ⊂ {(x, y) ∈ X ×X : d(x, y) ≤ t}.
Lemma 3.5. Let L be an operator satisfying (H1) and (H2). For every k = 0, 1, . . .,
the operator (tL)ke−tL satisfies Davies-Gaffney estimates (H2).
For the proof we refer the reader to Lemma 3.5 in [26].
3.3. Weighted tent spaces. For the measurable function F defined on X×(0,∞),
we set
A(F )(x) =
( ˆ
Γ(x)
|F (y, t)|2 dµ(y)
V (x, t)
dt
t
)1/2
where Γ(x) is the cone {(y, t) : d(x, y) < t}.
For 0 < p ≤ 1 and w ∈ L1loc(X) we introduce the tent space T pw(X) as those
functions F such that AF ∈ Lp(X) and we set ‖F‖T pw(X) = ‖A(F )‖Lpw(X). Note
that our weighted tent spaces T pw(X) can be considered an extension of those in
[12] when w ≡ 1 and X = Rn. In the case that w ≡ 1, we write T p(X) instead of
T pw(X). Another version of weighted tent spaces was used in [27] but this version is
not suitable to our purpose.
Given the ball B we denote by B̂ the tent over B, i.e, B̂ = {(y, t) : d(x, y)+t < r}.
Now a function a(y, t) is said to be an T pw(X)-atom whenever it is supported in B̂
and
(7)
( ˆ
B̂
|a(y, t)|2w(B(y, t))
V (y, t)
dµ(y)dt
t
)1/2 ≤ w(B) 12− 1p .
Let W (y, t) = w(B(y,t))V (y,t) . Then the LHS of (7) is just ‖a‖L2(W ). It is not difficult to
check that an T pw(X)-atom belongs to T
p
w(X) for w ∈ A1 ∩RH 2
2−p
.
An important result concerning weighted tent spaces is that each function in
T pw(X) has an atomic decomposition. More precisely, we have the following result.
Theorem 3.6. Let w ∈ A1 ∩ RH 2
2−p
and F ∈ T pw(X), 0 < p ≤ 1. Then there exist
a sequence of T pw(X)-atoms {aj}j and the sequence of numbers {λj}j such that
(8) F =
∑
j
λjaj
and
(9)
∑
j
|λj |p ≤ C‖F‖pT pw(X).
Moreover, if F ∈ T pw(X) ∩ T 2(X) then the series in (8) converges in both T pw(X)
and T 2(X).
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Before giving the proof for Theorem 3.6 we need the following technical lemma
which is an extension of [27, Proposition 3] to spaces of homogeneous type.
Lemma 3.7. Let w ∈ A∞ and B a ball in X. Then there exists a constant C such
that, for every measure function F defined on X × (0,∞) and every measurable set
E ⊂ B, we haveˆ
B̂\Ω̂
|F (y, t)|2w(B(y, t))
V (y, t)
dµ(y)dt
t
≤ C
ˆ
B\E
|A(F )(x)|2w(x)dµ(x),
where Ω = {x ∈ B : M(χE)(x) > γ} for γ ∈ (0, 1), γ sufficiently small (M is the
Hardy-Littlewood maximal function).
Proof: We adapt the ideas in [27, Proposition 3] to our situation. Set S =
{(x, y, t) ∈ (B\E) × (B̂\Ω̂) : y ∈ Γ(x)} and S(y, t) = B(y, t) ∩ (B\E). For
(y, t) ∈ B̂\Ω̂ we can pick x0 such that x0 /∈ Ω and x0 ∈ B(y, t) ⊂ B. This im-
plies M(χE)(x0) ≤ γ, and hence
µ(B(y, t) ∩ E) ≤ γV (y, t).
Since w ∈ A∞, w ∈ RHr for some 1 < r < ∞. This together with Lemma 2.2
implies w(B(y, t) ∩ E) ≤ Cγw(B(y, t)).
This together with B(y, t) ⊂ B gives
w(B(y, t) ∩ (B\E)) > (1− Cγ)w(B(y, t))
provided with sufficiently small γ.
Then we haveˆ
B̂\Ω̂
|F (y, t)|2w(B(y, t))
V (y, t)
dµ(y)dt
t
≤ C
ˆ
S
|F (y, t)|2
ˆ
S(y,t)
w(x)dµ(x)
dµ(y)
V (y, t)
dt
t
= C
ˆ
B̂\Ω̂
|F (y, t)|2w(x)dµ(x) dµ(y)
V (y, t)
dt
t
≤ C
ˆ
B\E
w(x)
( ˆ
Γ(x)
|F (y, t)|2 dµ(y)
V (y, t)
dt
t
)
dµ(x)
= C
ˆ
B\E
|A(F )(x)|2w(x)dµ(x).
This completes our proof.
We now prove Theorem 3.6.
Proof of Theorem 3.6: To prove this theorem, we exploit the standard arguments,
see for example [12, 27, 32].
For k ∈ Z let Ek = {x : AF (x) > 2k} and Ωk = {x : M(χEk)(x) > γ} for some
γ ∈ (0, 1). Then Ek ⊂ Ωk and µ(Ωk) ≤ Cµ(Ek) for all k. Moreover since w ∈ A1
we also obtain w(Ωk) ≤ C(w)w(Ek) for sufficiently small γ. It can be verified that
suppF ⊂ ∪Ω̂k.
For each k, due to [14, Theorem 1.3, Chapter III] we can pick a family of balls
{Qjk}j of Ωk satisfying the following three conditions:
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(i) Ωk = ∪jQjk;
(ii) there exists a constant κ which depends only of X such that
∑
j χQjk
≤ κ;
(iii) there exists a constant C0 such that C0Q
j
k ∩ (Ωk)c 6= ∅.
Taking C1 > C0 + 1 and setting B
j
k = C1Q
j
k we have
Ω̂k\Ω̂k+1 ⊂ ∪jAjk
with
Ajk = B̂
j
k ∩ (Qjk × (0,∞)) ∩ (Ω̂k\Ω̂k+1).
We define ajk = 2
−(k+1)w(Bjk)
−1/pFχ
Ajk
and λjk = 2
(k+1)w(Bjk)
1/p. Then obviously,
F =
∑
k,j
λjka
j
k.
Moreover, we have, by Lemma 3.7,
‖ajk‖2L2(W ) ≤ 2−2(k+1)w(Bjk)−2/p
ˆ
B̂jk\Ω̂k+1
|F (y, t)|2w(B(y, t))
V (y, t)
dydt
t
≤ C2−2(k+1)w(Bjk)−2/p
ˆ
Bjk\Ek+1
|A(F )(x)|2w(x)dµ(x)
≤ Cw(Bjk)1−2/p.
Therefore, ajk is a multiple T
p
w(X) atom by a constant.
Furthermore, we have ∑
k,j
|λjk|p =
∑
k,j
2p(k+1)w(Bjk)
≤ C
∑
k,j
2p(k+1)w(Qjk)
≤ C
∑
k,j
2p(k+1)w(Qjk).
Since {Qjk}j is finite overlap, we have∑
k,j
|λjk|p ≤ C
∑
k
2p(k+1)w(Ωk)
≤ C
∑
k
2p(k+1)w(Ek)
= C
∑
k
2p(k+1)w{x : AF (x) > 2k}
≤ C‖AF‖p
Lpw(X)
= ‖F‖p
T pw(X)
.
At this stage, the same argument as in [28, Proposition 3.1] shows that if F ∈
T pw(X) ∩ T 2(X) then the identity (8) converges in both T pw(X) and T 2(X).
Let us denote by T p,cw (X) and T p,c(X) the spaces of those functions in T
p
w(X) and
T p(X) with bounded support respectively. Here, by a function f on X×(0,∞) with
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bounded support, we shall mean that there exist a ball B ⊂ X and 0 < c1 < c2 <∞
such that supp f ⊂ B × (c1, c2).
Lemma 3.8. For w ∈ A1 ∩RH 2
2−p
, the space T p,cw (X) and T 2,c(X) coincide for all
p ∈ (0, 1].
Proof: The same argument as in [12, p. 306] gives T p,c(X) ⊂ T 2,c(X) for all
p ∈ (0, 2]. By the Ho¨lder inequality we obtain T 2,c(X) ⊂ T p,c(X) for all p ∈ (0, 2],
and hence T p,c(X) and T 2,c(X) coincide for all p ∈ (0, 2].
Suppose that f ∈ T 2,c(X) with supp f ⊂ K for some bounded set K. Then there
exists a ball B̂ ⊃ K such that suppAf ⊂ B. By the Ho¨lder inequality we have for
all p ∈ (0, 1]
‖Af‖p
Lpw(X)
=
ˆ
B
|Af(x)|pw(x)dµ(x)
≤
( ˆ
B
|Af(x)|2dµ(x)
)p/2(ˆ
B
w
2
2−p
) 2−p
p
.
Since w ∈ A1 ∩RH 2
2−p
there exists c(p,w,B) such that
(ˆ
B
w
2
2−p
) 2−p
p ≤ c(p,w,B).
This implies ‖Af‖p
Lpw(X)
≤ c‖f‖p
T 2(X)
. Therefore, T 2,c(X) ⊂ T p,cw (X) for all p ∈
(0, 1].
Conversely, for any f ∈ T p,cw (X) with supp f ⊂ K for some bounded set K. Let
B be the ball satisfying K ⊂ B̂ and suppAf ⊂ B. For any 0 < r < p we have
‖f‖rT r(X) = ‖Af‖rLr(X) =
ˆ
B
|Af(x)|rdµ(x) =
ˆ
B
|Af(x)|rw(x)r/pw(x)−r/pdµ(x)
≤
(ˆ
B
|Af(x)|pw(x)
)r/p( ˆ
B
w(x)(−r/p)(p/r)
′
dµ(x)
) 1
(p/r)′
.
Since w ∈ A1, w(−r/p)(p/r)′ ∈ A∞. This implies w(−r/p)(p/r)′ is a doubling measure.
So, (ˆ
B
w(x)(−r/p)(p/r)
′
dµ(x)
) 1
(p/r)′ ≤ C.
It therefore follows T p,cw (X) ⊂ T r,c(X). At this stage, using the fact that T r,c(X)
and T 2,c(X) coincide, the proof is complete.
3.4. Atomic characterization of weighted Hardy spaces HpL,w(X). Let ϕ and
Φ be as in Lemma 3.4. Setting, Ψ(t) = t2(M+1)Φ(t), t ∈ R+, then for all f ∈
L2c(X × (0,∞)), the set of all functions in L2(X × (0,∞)) with bounded support,
and for x ∈ X, define
πΨ,Lf = cΨ
ˆ ∞
0
Ψ(t
√
L)(f(·, t))(x)dt
t
,
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where cΨ is a constant such that
1 = cΨ
ˆ ∞
0
Ψ(t)t2e−t
2 dt
t
.
Proposition 3.9. Let L satisfy (H1) and (H2), M > n(2−p)4p , p ∈ (0, 1] and w ∈
A1 ∩RH 2
2−p
. Then
(i) the operator πΨ,L, initially defined on T
2,c(X), extends to a bounded linear
operator from T 2(X) to L2(X).
(ii) the operator πΨ,L, initially defined on T
p,c
w (X), extends to a bounded linear
operator from T pw(X) to H
p
L,w(X).
Proof: (i) The proof of (i) is standard and we omit the detail.
(ii) Let f ∈ T p,cw (X). It is easy to see that f ∈ T 2,c(X). Then by Theorem 3.6 we
have
πΨ,Lf =
∞∑
j=1
λjπΨ,L(aj)
in L2(X) with {λj} and {aj} satisfying (8) and (9). Since SL is bounded on L2(X),
we obtain that
‖SL(πΨ,Lf)‖pLpw(X) ≤
∑
j
|λj |p‖SL(πΨ,Laj)‖pLpw(X).
We now claim that πΨ,Laj is a multiple of an (M,p,w) atom for each j. Indeed, we
can write πΨ,Laj = L
Mbj where
bj = cΨ
ˆ ∞
0
t2M t2LΦ(t
√
L)(aj(·, t))dt
t
.
Let us note that for each j there exists some ball Bj such that supp aj ⊂ B̂j.
Therefore, by Lemma 3.4 we have suppLkbj ⊂ Bj for all k = 0, . . . ,M . On the
other hand, for any h ∈ L2(Bj), by the Ho¨lder inequality we have∣∣∣ˆ (r2BjL)kbj(x)h(x)dµ(x)∣∣∣
=
∣∣∣ˆ t2M (r2BjL)kt2LΦ(t√L)(aj(·, t))(x)h(x)dtt dµ(x)∣∣∣
≤ Cr2MBj
(ˆ
X×(0,∞)
|aj(x, t)|2w(B(x, t))
V (x, t)
V (x, t)
w(B(x, t))
dt
t
dµ(x)
)1/2
×
(ˆ
X×(0,∞)
|(t2L)k+1Φ(t
√
L)(x)h(x)|2 dt
t
dµ(x)
)1/2
.
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Since (x, t) ∈ B̂j, the ball B(x, t) ⊂ Bj. This together with Lemma 2.2 gives
∣∣∣ˆ (r2BjL)kbj(x)h(x)dµ(x)∣∣∣ ≤ Cr2MBj V (Bj)w(Bj)‖a‖L2(W )‖h‖L2(Bj)
≤ Cr2MBj
V (Bj)
1/2
w(B)1/2
w(Bj)
1/2−1/p‖h‖L2(Bj)
= Cr2MBj V (Bj)
1/2w(Bj)
−1/p‖h‖L2(Bj).
This implies πΨ,Laj is a multiple of an (M,p,w) atom with the harmless constant
for each j.
To complete the proof, it is suffice to show that for any (M,p,w) atom a in
HpL,w(X) we have
(10) ‖SLa‖Lpw(X) ≤ C.
Indeed, we write
‖SLa‖pLpw(X) =
ˆ
X
|SLa(x)|pw(x)dµ(x)
=
∞∑
j=0
ˆ
Sj(B)
|SLa(x)|pw(x)dµ(x)
=
∞∑
j=0
Ij.
For j = 0, 1, 2 we have, by the Ho¨lder inequality, L2-boundedness of SL, and w ∈
A1 ∩RH 2
2−p
,
Ij ≤ ‖SLa‖pL2(Sj(B))
( ˆ
Sj(B)
w
2
2−p
) 2−p
2
≤ C‖a‖p
L2
V (2jB)−p/2w(2jB)
≤ CV (B)p/2w(B)−1V (2jB)−p/2w(2jB).
Since w ∈ A1, using Lemma 2.2, we have
Ij ≤ CV (B)p/2−1V (2jB)1−p/2 ≤ C for j = 0, 1, 2.
For j ≥ 3, we have
Ij ≤ ‖SLa‖pL2(Sj(B))
(ˆ
Sj(B)
w
2
2−p
) 2−p
2 ≤ C‖SLa‖pL2V (2jB)−p/2w(2jB)
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To estimate ‖SLa‖pL2(Sj(B)), we write
‖SLa‖2L2(Sj(B))
=
ˆ
Sj(B)
(ˆ d(x,xB)
4
0
+
ˆ ∞
d(x,xB)
4
) ˆ
d(x,y)<t
|t2Le−t2La(y)|2 dµ(y)
V (x, t)
dt
t
dµ(x)
=
ˆ
Sj(B)
(ˆ d(x,xB)
4
0
+
ˆ ∞
d(x,xB)
4
) ˆ
d(x,y)<t
|(t2L)M+1e−t2Lb(y)|2 dµ(y)
V (x, y)
dt
t4M+1
dµ(x)
= J1 + J2,
where a = LMb.
Setting Fj(B) := {y : d(x, y) < d(x,xB)4 for some x ∈ Sj(B)}, then d(B,Fj(B)) ≥
2j−2rB. By the fact that
´
d(x,y)<t
1
V (x,t)dµ(x) < C, we have
J1 ≤
ˆ 2jrB
0
ˆ
Fj(B)
|(t2L)M+1e−t2Lb(y)|2dµ(y) dt
t4M+1
≤ ‖b‖2L2
ˆ 2jrB
0
exp
(
− d
2(B,Fj(B))
ct2
) dt
t4M+1
≤ r4MB V (B)w(B)−2/p
ˆ 2jrB
0
( t
2jrB
)4M+1 dt
t4M+1
≤ 2−4jMV (B)w(B)−2/p.
For the term J2 we have
J2 ≤
ˆ ∞
2j−1rB
|(t2L)M+1e−t2Lb(y)|2dµ(y) dt
t4M+1
≤ ‖b‖2L2
ˆ ∞
2j−1rB
dt
t4M+1
≤ 2−4jMV (B)w(B)−2/p.
Combining above estimates of J1 and J2, using w ∈ A1 we have
Ij ≤ C2−2jpMV (2jB)−p/2w(2jB)V (B)p/2w(B)−1
≤ C2−2jpMV (2jB)−p/2V (2jB)V (B)p/2V (B)−1
≤ C2−2jMp2−jnp/22jn = C2−jp(2M+n2−np ).
Since M > n(2−p)4p , ‖SLa‖Lpw(X) ≤ C.
Theorem 3.10. Let L satisfy (H1) and (H2). Let M ≥ n(2−p)4p and w ∈ A1.
If f ∈ HpL,w(X) ∩ H2(X), then there exists a family of (M,p,w)-atoms {aj}∞j=0
and a sequence of numbers {λj}∞j=0 such that f can be represented in the form
f =
∑∞
j=0 λjaj , and the sum converges in the sense of L
2(X)-norm. Moreover,
∞∑
j=0
|λj |p ≤ C‖f‖pHpL,w(X).
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Proof: Let f ∈ f ∈ HpL,w(X) ∩H2(X). Then t2Le−t
2Lf ∈ T pw(X) ∩ T 2(X). Then
we obtain
f = πΨ,L(t
2Le−t
2Lf).
By using the argument as in Proposition 3.9 we complete the proof.
Theorem 3.11. Given w ∈ A1 ∩ RH 2
2−p
and M > n(2−p)4p . Let f =
∑∞
j=0 λjaj ,
where {λj}∞j=0 ∈ lp, aj’s are (M,p,w)-atoms, and the sum converges in L2(X).
Then f ∈ HpL,w(X) and ∥∥∥ ∞∑
j=0
λjaj
∥∥∥p
HpL,w(X)
≤ C
∞∑
j=0
|λj |p.
Proof: Since SL is bounded on L
2(X), SLf ≤ |λj |
∑
j SLaj . Therefore, to show
f ∈ HpL,w(X), it is sufficient to claim that there exists a constant C > 0 so that
‖SLa‖Lpw(X) ≤ C
for all (M,p,w) atoms a.
This have been proved in (10) and hence we complete the proof.
As a consequence of Theorems 3.10 and 3.11, we conclude that
Corollary 3.12. Let 0 < p ≤ 1, w ∈ A1∩RH 2
2−p
and M > n(2−p)4p . Then the spaces
HpL,w(X) and H
p
L,M,w,at(X) coincide and their norms are equivalent.
3.5. Molecular characterization of weighted Hardy spaces HpL,w(X). The
weighted Hardy spaces HpL,w(X) can be also characterized in molecular decomposi-
tion. More specifically, we have the following result.
Theorem 3.13. Let L satisfy (H1) and (H2).
(i) Let M ≥ 1 and w ∈ A1 ∩ RH 2
2−p
. If f ∈ HpL,w(X) ∩ H2(X), then there
exists a family of (M,p,w, ǫ)-molecules {mj}∞j=0 and a sequence of numbers
{λj}∞j=0 such that f can be represented in the form f =
∑∞
j=0 λjmj, and the
sum converges in the sense of L2(X)-norm. Moreover,
∞∑
j=0
|λj |p ≤ C‖f‖pHpL,w(X).
(ii) Conversely, given w ∈ A1 ∩RH2 and M > n(2−p)4p . Let f =
∑∞
j=0 λjaj , where
{λj}∞j=0 ∈ lp, mj’s are (M,p,w, ǫ)-molecules, and the sum converges in L2(X).
Then f ∈ HpL,w(X) ∩ L2(X) and∥∥∥ ∞∑
j=0
λjmj
∥∥∥p
HpL,w(X)
≤ C
∞∑
j=0
|λj|p.
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Proof: (i) The proof of (i) is a direct consequence of Theorem 3.10, since an
(M,p,w)-atom is also an (M,p,w, ǫ)-molecule for all ǫ > 0.
(ii) The proof of (ii) is similar to that of Theorem 3.11. The main difference is that
the support of (M,p,w, ǫ)-molecule is not the ball B. However, we can overcome
this difficulty by decomposing X into annuli associated with the ball B, then using
the same argument as in Theorem 3.11 to get (ii). We omit the details here.
4. Boundedness of singular integrals with non-smooth kernels
In this section, we study the boudnedness of some singular integrals such as the
generalized Riesz transforms and spectral multipliers on the weighted Hardy spaces.
Before coming to details, we need the following technical lemma.
Lemma 4.1. Suppose that T is a linear (resp. nonnegative sublinear) operator
which maps L2(X) continuously into L2,∞(X). Let 0 < p ≤ 1 and w ∈ A1∩RH 2
2−p
.
(i) If there exists a constant C such that
||Ta||Lpw(X) ≤ C
for all (M,p,w)-atoms a, then T extends to a bounded linear (resp. sublinear)
operator from HpL,w(X) to L
p(w).
(ii) If there exists a constant C such that
||Ta||HpL,w(X) ≤ C
for all (M,p,w)-atoms a, then T extends to a bounded linear (resp. sublinear)
operator on HpL,w(X).
The proof of this lemma is similar to that in [25, Lemma 4.1] and hence we omit
details here.
4.1. Generalized Riesz transforms. Assume that L satisfies (H1) and (H2). Also
assume that D is a densely defined linear operator on L2(X) which possesses the
following properties:
(i) DL−1/2 is bounded on L2;
(ii) the family operators {√tDe−tL}t>0 satisfies the Davies-Gaffney estimate (H2).
Examples of such an operator D include gradient operator in the Euclidean space
and the Riemannian gradient on complete Riemannian manifolds, see for example
[1, 3, 9].
Theorem 4.2. For any f ∈ HpL,w(X) for 0 < p ≤ 1 and w ∈ A1 ∩RH 2
2−p
,
||DL−1/2(f)||Lpw(X) ≤ C||f ||HpL,w(X).
Before giving the proof of Theorem 4.2, we state the following lemma.
Lemma 4.3. For every M ∈ N, all closed sets E, F in X with d(E,F ) > 0 and
every f ∈ L2(X) supported in E, one has
(11) ||DL−1/2(I − e−tL)Mf ||L2(F ) ≤ C
( t
d(E,F )2
)M
||f ||L2(E), ∀t > 0,
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and
(12) ||DL−1/2(tLe−tL)Mf ||L2(F ) ≤ C
( t
d(E,F )2
)M ||f ||L2(E), ∀t > 0.
Proof: The proof is similar to that of Lemma 2.2 in [24] and we omit it here.
We now prove Theorem 4.2.
Proof of Theorem 4.2: Due to Lemma 4.1, we need only to claim that there exists
a constant C > 0 so that
‖DL−1/2a‖Lpw(X) ≤ C
for all (M,p,w)-atoms associated to a ball B with M > n(2−p)4p .
Indeed, let b ∈ L2(X) so that a = LMb. Setting T = DL−1/2, we write
‖Ta‖p
Lpw(X)
=
ˆ
X
|Ta(x)|pw(x)dµ(x)
≤
ˆ
X
|T ((I − er2BL)Ma)(x)|pw(x)dµ(x)
+
ˆ
X
|T ([I − (I − er2BL)M ]a)(x)|pw(x)dµ(x)
= I + II.
We estimate the term I first. By the Ho¨lder inequality, we obtain
I ≤
∞∑
k=0
ˆ
Sk(B)
|T ((I − er2BL)Ma)(x)|pw(x)dµ(x)
≤
∞∑
k=0
‖T ((I − er2BL)Ma)‖p
L2(Sk(B))
(ˆ
Sk(B)
w
2
2−pdµ
) 2−p
2
≤
∞∑
k=0
‖T ((I − er2BL)Ma)‖p
L2(Sk(B))
ˆ
Sk(B)
V (2kB)−p/2w(2kB) :=
∞∑
k=0
Ik.
For k = 0, 1, 2, one has
Ik ≤ C‖a‖pL2(B)V (2kB)−p/2w(2kB) ≤ CV (B)p/2w(B)−1V (2kB)−p/2w(2kB).
This together with Lemma 2.2 implies, for k = 0, 1, 2,
Ik ≤ CV (B)p/2−1V (2kB)1−p/2 ≤ C.
For k ≥ 3
||T ((I − er2BL)Ma)||L2(Sk(B)) ≤ C2−2Mk||a||L2(B) ≤ C2−2MkV (B)1/2w(B)−1/p.
Therefore,
Ik ≤ C2−2MpkV (B)p/2w(B)−1V (2kB)−p/2w(2kB)
≤ C2−2MpkV (B)p/2V (B)−1V (2kB)−p/2V (2kB)
≤ C2−2MpkV (B)p/2−1V (2kB)1−p/2
≤ C2−2Mpk+kn(1−p/2).
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Due to M > n(2−p)4p , we obtain
∑∞
k=0 Ik ≤ C.
For the term II, the same argument above gives
II ≤
∞∑
k=0
ˆ
Sk(B)
|T ([I − (I − er2BL)M ]a)(x)|pw(x)dµ(x)
≤
∞∑
k=0
‖T ([I − (I − er2BL)M ]a)‖L2(Sk(B))V (2kB)−p/2w(2kB)
≤
∞∑
k=0
IIk.
Next we have
I − (I − er2BL)M =
M∑
l=1
cle
−lr2BL,
where cl = (−1)l+1 M !(M−l)!l! . Therefore,
IIk ≤ C sup
1≤l≤M
‖Te−lr2BLa‖L2(Sk(B))V (2kB)−p/2w(2kB)
≤ C sup
1≤l≤M
∣∣∣∣∣∣T( l
M
r2BLe
− l
M
r2BL
)M
(r−2B L
−1)Ma
∣∣∣∣∣∣
L2(Sk(B))
V (2kB)−p/2w(2kB).
At this point, by the same argument as in the estimate Ik, we also obtain that
II < C. This therefore completes our proof.
4.2. Boundedness of Riesz transforms associated with magnetic Schro¨dinger
operators.
4.2.1. Magnetic Schro¨dinger operators and heat kernel estimates. Consider magnetic
Schro¨dinger operators in general setting as in [19]. Let the real vector potential
~a = (a1, · · · , an) satisfy
ak ∈ L2loc(Rn), ∀k = 1, · · · , n,(13)
and an electric potential V with
0 ≤ V ∈ L1loc(Rn).(14)
Let Lk = ∂/∂xk − iak. We define the form Q by
Q(f, g) =
n∑
k=1
ˆ
Rn
LkfLkg dx+
ˆ
Rn
V fg dx
with domain D(Q) = Q×Q here
Q = {f ∈ L2(Rn), Lkf ∈ L2(Rn) for k = 1, · · · , n and
√
V f ∈ L2(Rn)}.
It is well known that this symmetric form is closed and this form coincides with the
minimal closure of the form given by the same expression but defined on C∞0 (R
n)
(the space of C∞ functions with compact supports). See, for example [35].
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Let us denote by A the non-negative self-adjoint operator associated with Q. The
domain of A is given by
D(A) =
{
f ∈ D(Q),∃g ∈ L2(Rn) such that Q(f, ϕ) =
ˆ
Rn
gϕ¯dx, ∀ϕ ∈ D(Q)
}
,
and A is given by the expression
Af =
n∑
k=1
L∗kLkf + V f.(15)
Formally, we write A = −(∇ − i~a) · (∇ − i~a) + V . The operator A generates
a semigroup e−tA which possesses a Gaussian kernel bound. Indeed, by the well
known diamagnetic inequality (see, Theorem 2.3 of [35] and [11] for instance) we
have the pointwise inequality∣∣e−tAf(x)∣∣ ≤ et△(|f |)(x) ∀t > 0, f ∈ L2(Rn).
This inequality implies in particular that the semigroup e−tA maps L1(Rn) into
L∞(Rn) and that the kernel pt(x, y) of e−tA satisfies∣∣pt(x, y)∣∣ ≤ (4πt)−n2 exp(− |x− y|2
4t
)
(16)
for all t > 0 and almost all x, y ∈ Rn.
For k = 1, · · · , n, the operators LkA−1/2 are called the Riesz transforms associated
with A. It is easy to check that
‖Lkf‖L2(Rn) ≤ ‖A1/2f‖L2(Rn), ∀f ∈ D(Q) = D(A1/2)(17)
for any k = 1, · · · , n, and hence the operators LkA−1/2 are bounded on L2(Rn). Note
that this is also true for V 1/2A−1/2. Moreover, it was recently proved in Theorem
1.1 of [19] that for each k = 1, · · · , n, the Riesz transforms LkA−1/2 and V 1/2A−1/2
are bounded on Lp(Rn) for all 1 < p ≤ 2, i.e., there exists a constant Cp > 0 such
that ∥∥V 1/2A−1/2f∥∥
Lp(Rn)
+
n∑
k=1
∥∥LkA−1/2f∥∥Lp(Rn) ≤ Cp‖f‖Lp(Rn),(18)
for 1 < p ≤ 2.
The Lp-boundedness of Riesz transforms for the range p > 2 can be obtained if one
imposes certain additional regularity conditions on the potential V , see for example
[2].
Let us recall that
(i) In [19], the boundedness of the Riesz transforms LkA
−1/2 and V 1/2A−1/2 was
proved for Lp(Rn) spaces with 1 < p < 2;
(ii) Recently, [1] extended the results in [19] to weighted weak type L1,∞ estimates
and weighted Lp estimates with an appropriate range of p (depending on the
weight).
WEIGHTED HARDY SPACES ASSOCIATED TO OPERATORS 19
(iii) For p ∈ (0, 1], it was proved that the Riesz transforms LkA−1/2 and V 1/2A−1/2
are bounded from HpA to L
p, where HpA denotes the unweighted Hardy space
associated to operator A, see [4].
It is natural to ask the question of the boundedness of the Riesz transforms
LkA
−1/2 and V 1/2A−1/2 on the Hardy spaces with weights on the range 0 < p ≤ 1.
Our aim in this section is to give a positive answer and establish the weighted
estimates for Riesz transforms LkA
−1/2 and V 1/2A−1/2 for 0 < p ≤ 1. The main
result of this section is the following theorem.
Theorem 4.4. If w ∈ A1∩RH 2
2−p
then the Riesz transforms LkA
−1/2 and V 1/2A−1/2
are bounded from HpA,w(R
n) to Lpw(Rn) for all 0 < p ≤ 1.
4.2.2. Proof of Theorem 4.4. The following propositions give the estimates for the
operators LkA
−1/2 and V 1/2A−1/2 which will be useful for the proof of Theorem 4.4.
Proposition 4.5. For all m ≥ 1 there exists C > 0 such that for all balls B and all
f with support in B
(19)
(ˆ
Sj(B)
|V 1/2A−1/2(I − e−r2BA)mf |2 dx
) 1
2 ≤ C 2−2j(m−1)
(ˆ
B
|f |2
)1/2
and for all k,
(20)
( ˆ
Sj(B)
|LkA−1/2(I − e−r2BA)mf |2 dx
) 1
2 ≤ C 2−2j(m−1)
(ˆ
B
|f |2
)1/2
.
Proposition 4.6. For all m ≥ 1 and t > 0 there exists C > 0 such that for all balls
B, 1mr
2
B ≤ t ≤ r2B and all f with support in B
(21)
(ˆ
Sj(B)
|V 1/2A−1/2(tAe−tA)mf |2 dx
) 1
2 ≤ C2−2jm
( ˆ
B
|f |2
)1/2
and for all k,
(22)
( ˆ
Sj(B)
|LkA−1/2(tAe−tA)mf |2 dx
) 1
2 ≤ C2−2jm
( ˆ
B
|f |2
)1/2
.
The proofs of Propositions 4.5 and 4.6 are standard and rely on the heat kernel es-
timates and we refer the reader to [4] for the details of the proofs. From Propositions
4.5 and 4.6, the following estimates hold.
Proposition 4.7. There exists C > 0 such that for any (M,p,w) atoms a associated
to the ball B we have
(23)
(ˆ
Sj(B)
|V 1/2A−1/2a|2 dx
) 1
2 ≤ C 2−2j(M−1)V (B)1/2w(B)−1/p
and for all k,
(24)
( ˆ
Sj(B)
|LkA−1/2a|2 dx
) 1
2 ≤ C 2−2j(M−1)V (B)1/2w(B)−1/p.
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Proof: Set T = V 1/2A−1/2 (or, T = LkA−1/2). We have, for each (M,p,w)-atom
a = AMb associated to the ball B,
Ta = T (I − e−r2BA)Ma+ T (I − (I − e−r2BA)M )a.
Observe that
I − (I − e−r2BA)M =
M∑
k=1
cke
−kr2BA,
where ck = (−1)k+1 M !(M−k)!k! . Therefore,
T [I − (I − e−r2BA)M ]a =
M∑
k=1
akT
(
r2B
k
M
Ae−
k
M
r2BA
)M
(r−2MB b),
where ak = ck
(
k
M
)M
.
At this stage, applying Propositions 4.5 and 4.6, we obtain (23) and (24).
Proof of Theorem 4.4: By Lemma 4.1, it suffices to show that for any (M,p,w)-
atom a associated to the ball B with M > 1 + fn(2− p)4p, we have ||Ta||Lpw ≤ C
where T = V 1/2A−1/2 or T = LkA−1/2.
Indeed, we have
||Ta||p
Lpw
=
ˆ
X
|Ta|pw(x)dx =
∞∑
j=0
ˆ
Sj(B)
|Ta|pw(x)dx
=
∞∑
j=0
Kj.
By the Ho¨lder inequality and (23), (24), one has, for each j,
Kj ≤ ||Ta||pL2(Sj(B))
(ˆ
Sj(B)
(ˆ
Sj(B)
w
2
2−p
) 2−p
2
≤ C2−2jp(M−1)V (B)p/2w(B)−1V (2jB)−p/2w(2jB)
≤ C2−jp[2(M−1)+n2−np ].
This, together with M > 1 + np − n2 , gives
||Ta||p
Lpw
≤ C.
The proof is complete.
4.3. Spectral multiplier theorem on HpL,w(X). In this section, by the kernel
KT (x, y) associated to a L
2-bounded linear operator T we mean
Tf(x) =
ˆ
X
KT (x, y)f(y)dµ(y)
where KT (x, y) is a measurable function and the formula above holds for each con-
tinuous function f with bounded support and for almost all x not in the support of
f .
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Our main results are the following two theorems.
Theorem 4.8. Let L be an operator satisfying (H1) and (H3), and w ∈ A1∩RH 2
2−p
.
Suppose that s > n(2−p)2p and for any R > 0 and all Borel functions F such that
suppF ⊂ [0, R],
(25)
ˆ
X
|KF (√L)(x, y)|2dµ(x) ≤
C
V (y,R−1)
‖δRF‖2Lq
for some q ∈ [2,∞]. Then for any function F such that supt>0 ‖ηδtF‖W qs < ∞,
where δtF (λ) = F (tλ), ‖F‖W qs = ‖(I−d2/dx2)s/2F‖Lq , the operator F (L) is bounded
on HpL,w(X).
Note that (25) always holds for q =∞, see [18]. For further discussions concern-
ing condition (25), we refer the reader to [18].
As a preamble to the proof of Theorem 4.8, we record a useful auxiliary result
which is taken from [18, Lemma 4.3].
Lemma 4.9. Suppose that L satisfies (25) for some q ∈ [2,∞], R > 0 and s > 0.
Then for any ǫ > 0, there exists a constant C = C(s, ǫ) such thatˆ
X
∣∣KF (√L)(x, y)∣∣2(1 +Rd(x, y))sdµ(x) ≤ CV (y,R−1)‖δRF‖2W qs2+ǫ(26)
for all Borel functions F such that suppF ⊆ [R/4, R].
Proof of Theorem 4.8: Since condition supt>0 ‖ηδtF‖W qs < ∞ is invariant under
the change of variable λ 7→ λs and independent on the choice of η, due to Lemma
4.1 it suffices to show that there exists ǫ > 0 such that for any (2M,p,w)-atom
a = L2Mb in HpL,w(X) the function
a˜ = F (
√
L)a = LM (F (
√
L)LMa)
is a multiple of (M,p,w, ǫ)-molecule for M > n(2−p)4p and some ǫ > 0. By definition,
it suffices to prove that for all l = 0, 1, . . . ,M ,
(27) ‖(r2BL)l(F (
√
L)LMa)‖L2(Sk(B)) ≤ C2−kǫr2MB V (B)1/2w(B)−1/p
for all k = 0, 1, 2, . . ..
For k = 0, 1, 2, using L2-boundedness of F (
√
L), we have
‖(r2BL)l(F (
√
L)LMa)‖L2(Sk(B)) ≤ C‖(r2BL)lLMa)‖ ≤ C2−kǫr2MB V (B)1/2w(B)−1/p.
Now we need only to verify (27) for k ≥ 3. By standard argument, fix a function
φ ∈ C∞c (14 , 1) such that ∑
j∈Z
φ(2−jλ) = 1 for λ > 0.
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Then, for 0 ≤ l ≤M , one has
(28)
(r2BL)
lb˜ = r2lB
∑
j≥j0
φ(2−j
√
L)F (
√
L)Ll+Mb
+ r2lB
∑
j<j0
φ(2−j
√
L)LMF (
√
L)Llb
= r2lB
∑
j≥j0
φ(2−j
√
L)F (
√
L)b1 + r
2l
B
∑
j<j0
φ(2−j
√
L)LMF (
√
L)b2,
where b˜ = LMb and j0 = − log2 rB.
It is easy to see that
‖b1‖L2 ≤ r2M−2lB V (B)
1
2w(B)−1/p and ‖b2‖L2 ≤ r4M−2lB V (B)
1
2w(B)−1/p.
Setting
Fj(λ) =
{
F (λ)φ(2−jλ) for j ≥ j0
F (λ)(2−jλ)2Mφ(2−jλ) for j < j0,
then we can rewrite (28) as follows
(29) (r
2
BL)
l b˜ = r2lB
∑
j≥j0
Fj(
√
L)b1 + r
2l
B2
2jM
∑
j<j0
Fj(
√
L)b2.
Since (29) converges in L2(X), we have for any k ≥ 3
‖(r2BL)lb˜‖L2(Sk(B)) ≤ r2lB
∑
j≥j0
‖Fj(
√
L)b1‖L2(Sk(B)) + r2lB22jM
∑
j<j0
‖Fj(
√
L)b2‖L2(Sk(B)).
Let us estimate ‖Fj(
√
L)b1‖L2(Sk(B)) for j ≥ j0 first. Since suppFj ⊂ [R/4, R]
with R = 2j , applying Lemma 4.9 and the Minkowski inequality, we have, for
s > s′ > n(2−p)2p ≥ n2 and k ≥ 3,
(30)
‖Fj(
√
L)b1‖L2(Sk(B))
≤
∥∥∥ˆ
B
KFj(
√
L)(x, y)b1(y)dµ(y)
∥∥∥
L2(Sk(B))
≤ ‖b1‖L1 sup
y∈B
(ˆ
Sk(B)
|KFj(√L)(x, y)|
2dµ(x)
)1/2
≤ ‖b1‖L2V (B)
1
2 sup
y∈B
(ˆ
Sk(B)
|KFj(√L)(x, y)|2dµ(x)
)1/2
≤ r2M−2lB V (B)w(B)−1/p(2−(j+k)s
′
rs
′
B)
× sup
y∈B
(ˆ
Sk(B)
|KFj(√L)(x, y)|2(1 + 2jd(x, y))2s
′
dµ(x)
)1/2
≤ Cr2M−2lB V (B)w(B)−1/p(2−(j+k)s
′
rs
′
B) sup
y∈B
1√
V (y, 2−j)
‖δ2jFj‖W qs
≤ Cr2M−2lB V (B)w(B)−1/p(2−(j+k)s
′
rs
′
B) sup
y∈B
1√
V (y, 2−j)
.
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For j ≥ j0, we have
sup
y∈B
1
V (y, 2−j)
≤ C (2
jrB)
n
V (B)
.
This together with (30) yields
‖Fj(
√
L)b1‖L2(Sk(B)) ≤ Cr2M−2lB V (B)w(B)−1/p2−(j+k)s
′
2−s
′j0 (2
jrB)
n
2
V (B)
1
2
≤ Cr2M−2lB V (B)1/2w(B)−1/p2−(j+k)s
′
2−s
′j0(2jrB)
n
2
Since w ∈ A1, we have
V (B) ≤ C w(B)
w(2jB)
V (2jB).
Then,
‖Fj(
√
L)b1‖L2(Sk(B)) ≤ Cr2M−2lB
w(B)1/2
w(2jB)1/2
V (2jB)1/2w(B)−1/p2−(j+k)s
′
2−s
′j0(2jrB)
n
2
≤ Cr2M−2lB V (2kB)
1
2w(2kB)−1/p2−k(s
′−n(2−p)
2p
)
2(j−j0)(
n
2
)−s′ .
Therefore,
r2lB
∑
j≥j0
‖Fj(
√
L)b1‖L2(Sk(B)) ≤ C2−kǫr2MB V (2kB)
1
2w(2kB)−1/p
with ǫ = s′ − n(2−p)2p .
When j ≤ j0, repeating the argument above with the fact that supy∈B 1V (y,2−j) ≤
C 1V (B) , we conclude that
r2lB2
2jM
∑
j<j0
‖Fj(
√
L)b2‖L2(Sk(B)) ≤ C2−kǫr2MB V (2kB)
1
2w(2kB)−1/p.
It therefore follows that a˜ = F (
√
L)a is a multiple of (M,p,w, ǫ)-molecule. The
proof is complete.
Theorem 4.8 gives the boundedness on weighted Hardy spaces HpL,w(X) for the
spectral multipliers of a non-negative self adjoint operator satisfying Gaussian upper
bounds (H3). However, there are certain operators satisfying (H1) and (H2) but not
(H3) such as general Laplace-Beltrami operators on complete Riemannian manifolds.
The following result shows that for suitable functions F , the spectral operators F (L)
are bounded on HpL,w(X).
Theorem 4.10. Assume that L satisfies conditions (H1) and (H2) and w ∈ A1 ∩
RH 2
2−p
. Let F be a bounded function defined on (0,∞) such that for some positive
number s > n(2−p)2p +
1
2 and any non-zero function η ∈ C∞c (12 , 2) there exists a
constant Cη such that
(31) sup
t>0
‖η(·)F (t·)‖W 2s (R) ≤ Cη.
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Then the multiplier operator F (L) is bounded on HpL,w(X).
To prove Theorem 4.10 we need the following estimate in [20].
Lemma 4.11. Let γ > 1/2 and β > 0. Then there exists a constant C > 0 such
that for every function F ∈ W 2γ+β/2 and every function g ∈ L2(X) supported in the
ball B, we haveˆ
d(x,xB)>2rB
|F (2j
√
L)g(x)|2
(d(x, xB)
rB
)β
dµ(x) ≤ C(rB2j)−β‖F‖2W 2
γ+β/2
‖g‖2L2
for j ∈ Z.
Proof of Theorem 4.10: The proof of Theorem 4.10 can be proceeded in the same
line as Theorem 4.8 by replacing Lemma 4.9 by Lemma 4.11. We omit the details
here.
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